
VOL. 23, NO. 5, MAY 1985 AIAA JOURNAL 659

A Finite Difference Method for Solving
Unsteady Viscous Flow Problems

C. P. Li*
NASA Lyndon B. Johnson Space Center, Houston, Texas

A method has been developed to solve the unsteady, compressible Navier-Stokes equations with the property
of consistency and the ability of minimizing the equation stiffness. It relies on innovative extensions of the state-
of-the-art finite difference techniques and is composed of 1) the upwind scheme for split flux and the central
scheme for conventional flux terms in the inviscid and viscous regions, respectively; 2) the characteristic treat-
ment of both inviscid and viscous boundaries; 3) an ADI procedure compatible with interior and boundary
points; 4) a scalar matrix solver including viscous terms. The performance of this method is assessed with three
sample problems: a shock reflected from the wall, the shock-induced boundary-layer separation, and a transient
internal nozzle flow. The results from the present method, an existing hybrid block method, and a well-known
two-step explicit method are compared and discussed. It is concluded that this method has an optimal tradeoff
between the solution accuracy and computational economy, and other desirable properties for analyzing tran-
sient viscous flow problems.

Nomenclature
A _ =duct area
A,B,C,D =Jacobian matrices
a = positive integer defined following Eq. (3)
CF = friction coefficient
Cv — specific heat at constant volume
c = sonic speed
CFL = Courant-Friedricks-Lewy parameter used to

limit magnitude of A/
E = explicit method
e = internal energy
F,G =convective fluxes
H = height
/ = implicit method
J =Jacobian of the transformation
L = length
£ = number of steps, or split components
M =freestream Mach number
P =Jacobian matrix
Pr =Prandtl number
p = pressure
Re = Reynolds number
S, T = transformation matrices
T = temperature
t = time
U = conservative variable
u, v - velocity component along x and y,

respectively
u,v = velocity component along £ and rj,

respectively
V — primitive variable
W = characteristic variable
x,y = cylindrical coordinates
a1,oi2>0i3 = coefficients defined following Eq. (13)
7 = ratio of specific heat
AI/£J7,AJ//J7 = incremental vectors
d^dy = difference operators
e = total internal energy

Presented as Paper 83-0560 at the AIAA 21st Aerospace Sciences
Meeting, Reno, Nev., Jan. 10-13, 1983; received April 7, 1983; revi-
sion received June 19, 1984. This paper is declared a work of the U.S.
Government and therefore is in the public domain.

* Research Engineer, Thermal Technology Branch. Member AIAA.

Superscripts
T
( Y
O
Subscripts
U
oo

= shock angle
= either £ or 77, or conductivity
= matrices defined in Eq. (4)
= eigenvalues of flux F and G
- viscosity
= generalized computational coordinates
= density

= transpose
temporary value
computational space

= grid-point location
= freestream

Introduction

I N many important and interesting compressible flow prob-
lems, the unsteady, viscous, and heat-conduction features

play a dominant role in the flow behavior. The resulting
phenomena have been frequently claimed to be responsible for
the unexpected poor performance of aircraft and propulsion
devices and, consequently, subjected to extensive experimental
and numerical studies. The numerical investigation often re-
quires the solution of the time-dependent Navier-Stokes equa-
tions, for which the present methods are not quite powerful
enough for engineering applications. One recent attempt to
analyze the internal flow of a rocket engine during the startup
process has addressed the difficulties encountered.1 It has
found that numerical accuracy and stability bound should be
varied according to local flow characteristics and adjusted to
suit the flowfield evolution. Since existing methods are in-
capable of satisfying both requirements simultaneously, a
method representing an optimal tradeoff between computa-
tion efficiency and solution accuracy is needed to study the
transient behavior of viscous flows.

The approach taken to devise such a method is simply to re-
tain some of the useful features in the state-of-the-art tech-
niques for solving fluid-dynamic equations, and introduce in-
novative ideas that may enhance the existing ones. This is con-
sidered a worthwhile effort because in the numerical solution
of partial differential equations, the full potential of the finite
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difference method has not been realized and the development
of numerical approximations is far from complete. An ad-
vancement of fundamental value is known to be difficult
because the progress has long been hampered by a lack of
nonlinear stability and accuracy analyses for boundary-value
problems. Furthermore, on the level of practice, the finite dif-
ference method is noted to be inefficient for calculating small-
scale phenomena and is primitive in the handling of shocks
and other discontinuities. Despite the inherent limitations,
substantial improvement has been made recently to reduce the
equation stiffness2'4 and to refine the shock-capturing
capability.5"8 By further modifying those techniques, a finite
difference method is proposed for analyzing transient,
viscous/inviscid external and internal flow problems. This
method relies on the following ideas: 1) the upwind scheme for
inviscid split flux and the central scheme for viscous flux
terms; 2) a characteristic treatment of inviscid and viscous
boundaries based on the split formulation; 3) a noniterative
ADI procedure with consistent explicit and implicit operators;
and 4) a scalar tri- or pentadiagonal solver including viscous
contributions. The present formulation is different from that
used in Refs. 3-8, the treatment of boundaries is an extension
of that discussed in Refs. 9 and 10 to viscous flows, and the
implicit solution has an improved algorithm compared with
that developed in Refs. 4 and 8. A short description of other
important details follows.

The governing equations are cast in generalized coordinates
fitted to the solid surface or the interface between streams of
different speed. Thereby, the delineation of inviscid and
viscous zones is readily accomplished. The split convective
fluxes are used in the inviscid zone as well as on the computa-
tional boundaries wherein the inward-running flux com-
ponents are discarded and dependent variables are prescribed.
Both convective and diffusion fluxes in the viscous zone are
approximated by central differencing and appended with two
fourth-order negative derivatives. The difference approxima-
tions are made of the explicit operators on the right-hand side
of the equations with equivalent implicit operators on the left-
hand side. One type of implicit operator is used for a coor-
dinate line, whereas the operators are required to be consistent
with the explicit counterparts for most of the interior and
boundary points. Thus, the matrix coefficient of the resulting
algebraic equations has a pentadiagonal band structure after
the equations are decoupled. In addition, conventional im-
plicit central operators requiring the use of a block solver for a
coupled set of algebraic equations and an explicit solution
based on the MacCormack scheme are included for com-
parative studies.

In the following sections, the governing equations for in-
viscid and viscous flows, difference approximations for in-
terior and boundary points, the noniterative ADI procedure,
and the algorithm for solving scalar equations are presented.
This method and two alternate methods have been tested by
inviscid and viscous flow problems with increasing level of dif-
ficulty to determine the capability and limitations of the pres-
ent method. Comparison among the three methods and with
analytical and experimental data is also discussed.

Governing Equations in Computational Domain
A boundary-fitted coordinate system is adapted for dual

purposes of implementing boundary conditions and defining
inviscid and viscous regions. The coordinates are obtained via
a transformation function from the physical to the computa-
tional spaces by solving the Poisson equation in £ and 77 for x
and y. The computer code11 GRAPE is used to generate two-
dimensional grids for configurations such as a nozzle con-
figuration, but, for simple geometries, the grids are obtained
from algebraic relations. The metric coefficients x%, x^, y^> y^
are first calculated using finite difference formulas, then
substituted to the following relation to obtain %x, %y, i)x, rjy.

dx y, -
-xn

(i)
where J=x^yri-x1J y^ is the Jacobian of the transformation.
The transformation matrices are used in formulating the
governing equations and applying the boundary conditions, as
will be seen ,later.

Two forms of the conservative-law equations cast in
generalized computational coordinates (£,77) are given next.
They are derived with the aid of Eq. (1) from the equations
originally written on the cylindrical coordinates (x,y). Hence,
the vectors still have components defined in (x,y). For the
computation domain where viscous effects cannot be ignored,
the following equations in vector notation are used.

(2)

where

U=J

P

pu

pv
F=J

pu

puu + £x

(pe+p)u

G = J

pv

J_
y

pv

(pe+p)v + (j>y

(pe+p)v

0

0

c + Vy

, + ^/v

When the viscous effects are negligible in other portions of the
computational domain, then the Euler equation in the flux-
split form is used.

(3)

where

F=Jp
f = - 7

\e\ye

1

U + fay x

where
\t\/(2y)
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= u +

0 = 2 if 7 =

Conventional notation is used here for flow variables; viz., the
density p, the pressure/?, and the velocity components u and v
in the cylindrical system; the total internal energy e = e + Q.5q,
and q = u2 + v2, and the internal energy e = CvT, which relates
to p and p by the equation of state. The sonic speed is
c= (yp/p)l/2\ y is the ratio of specific heat. The stress and
heat-conducting components are also given first in the
physical coordinates. Then, they are computed in their
transformed form via Eq. (1). The lengthy expressions of these
components will not be given here, except to note that
Sutherland's formula for viscosity coefficient and a Prandtl
number (Pr = 0.71) are used for laminar flow computations.

The eigenvalues of fluxes F and G defined in Eq. (3) are \y
and X^, respectively. They are conventionally regarded as
components in the eigenmatrices

A{=diag(w-c£, u, u,

A=diag(y-cij, v, v, (4)

On the axis of symmetry, y = 0, it is required that v = 0 and the
eigenmatrices have three instead of four components.

Equations (2) and (3) can be easily modified to consider
one-dimensional problems. For a simple, inviscid flow in the
Laval duct, Eq. (3) is reduced to

(5)

where

U=

P

pu

\t\ye

pu

pu2

pue +pu

with \y = u + tc and A being the duct area. Here, the Jacobian
and the metrics are equal to unity and the flux term in the rj
coordinate is dropped out. If it is considered that U has a third
component v but t; = 0, then Eq. (5) becomes a special case of
Eq. (3). The solution algorithm developed for two-dimen-
sional problems is equally applicable to one-dimensional prob-
lems.

Boundary and Initial Conditions
The dependent variables on the boundaries are determined

in accordance with the flow speed and the nature of the
boundary, or known as the method of characteristics. For
convenience of discussion, the types of boundaries are refer-
red to as solid surface, inflow and outflow surfaces, and plane
of symmetry. If Eq. (3) has four outward-running components
on the flow boundaries, no boundary condition is needed.
Otherwise, the number of inward-running components being
discarded in the calculation is complemented by an equal
number of flow variables specified. More specifically, a sub-
sonic outward flow has \4 >0, and the pressure must be given;

a subsonic inward flow has \2,s,4 > 0» and both pressure and
velocity components must be known. Furthermore, if the in-
ward flow is supersonic, i.e., X;2,3,4>0, then every variable
must be specified a priori. The rules are summarized in Table
1.

The consideration of characteristics is also useful in the
calculation of variables on a solid surface. There, the inviscid
tangency condition v = 0 implies that the conditions \2>3 = 0
and X 7 <0 permit a readjustment of velocity components in
the physical space by

_~~
after substituting v = Q.

The viscous no-slip condition is usually applied in conjunc-
tion with an adiabatic or a cooled-wall condition in
temperature. The remaining variable, p, can be obtained by
assuming zero pressure gradient at the wall. On the inflow and
outflow surfaces, viscous flow may exist in the boundary
layer; therefore, it is assumed in this study that the conditions
imposed by the method of characteristics are still valid.

Initial conditions are specified such that they simulate the
realistic beginning of the unsteady flow. The flowfield is
uniform until at t = Q, when the shock generated by a wedge at
a distance above a plate begins to form and reflect from the
plate, or the flowfield is quiescent until a shock propagates out
from the throat of the nozzle.

Explicit Difference Operators
and Stability Conditions

Let RHS designate the difference equations approximating
Eqs. (2) and (3) on a typical uniform grid (Fig. 1) wherein
£,. = (/- 1)A£ and ̂  = (j - 2)Ary.

(6)

RHS J=-

[ i i _ _ -i
D M/i)+ £ M<^) + S~l

e=-i t=-i J

The difference operator d^ has a variety of expressions de-
pending on what flux it governs. The inviscid operators are
given by either Eq. (7) or Eq. (8).

(7)
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Fig. 1 Computational grid network.
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where 7S = sgn(l,Xf). The viscous fluxes are approximated by
central differencing formulas, such as

(9)

More detailed expressions for terms in Fv are defined by the
following.

1 ~~ ui

i~u_ _ "I
U '

They are the conventional three-point quotient for d# and d^
and the four-point quotient for d^ .

Equation (7) is replaced by a one-sided difference formula
for points on the boundary.

^-Fij], 7</db7</max

Likewise, Eq. (9) becomes

The operator d^ is defined similarly to Eqs. (7-9). However,
one-sided difference quotients are not used because a grid line
is placed outside the boundary to help define boundary condi-

tions. The viscous operators given by RHS 1 in Eq. (6) are
used with fourth-order damping terms in £ and T?. These terms
are defined for interior points as: - (£</(A£) 45tt t t £/)/8 and

In explicit calculations, Eq. (6) represents the in-
cremental vector, AC/fJ7, defined by

' = £#'-£*, = RHS

SHOCK GENERATOR

SEPARATION
SHOCK RECOMPRESSION

SHOCK | I
I H

a)

SHEAR LAYER
REVERSE FLOW

* ^//////S//////S////^/S^^

Fig. 2 Sample problems in physical and computational spaces, a)
Shock reflection and boundary-layer separation [£ = £(*), ij = iy(y)]. b)
Transient viscous nozzle flow [£ = £(*»>)»

Table 1 Boundary conditions needed on inflow and outflow boundaries

Speeda Signal propagation15
Specified

Description boundary conditions

u>c Supersonic inflow
^1,2,3,4 >0

p, u, v, e

0<u<c //\\ Subsonic inflow
/ / 1 \ , \. . ^n \ .^ -n

-c<w<0 /

t

u< —c

- 4 V,J,4 ' "» "1

\

\^\^ Subsonic outflow
\ X . , ^>°»^7.2.J<0

*
t

Vvv Supersonic outflow
\\\ \2,3,4<0\ \ X f

0

p, u, v

p

None

yv. bComputational domain defined by £>0.
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for time t = ?At. The time increment At is determined from a
nonconventional relationship that satisfies the stability condi-
tions for a linear difference equation. A parameter CFL is in-
troduced to limit the magnitude of Af for a stable solution

Note that the first-order scheme requires CFL < 0.5 and the
second-order scheme requires CFL < 0.25. However, a higher
bound CFL < 1 can be used by a two-step noncentered scheme.
Thus, in practical applications, the latter scheme is preferable
to those in Eq. (8), unless an implicit algorithm is developed to
extend the stability bound.

An ADI Scalar Method
The second stage of the solution procedure is used to

remove or filter out the error components in At/f}7 when the
explicit calculations at some grid points have violated the do-
main of influence of the known l/tj. It is accomplished by
solving for Al/fj7 simultaneously for all / andy; thereby, the
domain of influence is literally enlarged. Using Al/y 7 as the
unknown vector, the implicit equation is cast in the following
matrix-operator form

small value of A F compared to V makes more precise
arithmetics.

Since it is still time consuming to solve the coupled algebraic
systems of equations as given by Eq. (11) using the approx-
imate factorization technique,3 especially when the number of
variables is large, the property of a real matrix coefficient is
exploited to allow the following transformations: T~]AT=A^
and S~1BS = Ari. The inclusion of viscous terms is made possi-
ble from heuristic reasonings that

Thus, the left-hand side of the equation is factored into

A, B, C, D, and P"1 are the Jacobian matrices derived from
the derivative of F, G, Fv, GV9 and (/with respect to V, respec-
tively. Their expressions are listed as follows.

where 6, is replaced by the Euler differencing formula and
A^ = A^ - C6? and A,, = A,, -Dd^. The second step is the result
after exercising the factorization of operators equivalent to the
ADI procedure.4

The solution procedure for implicit calculation is im-
plemented in four steps.

2)

3)

4) (12)

A =

J
=~jp

~u txp ty

P

— u

— v

— e + q

P 0

%xh u 0 %xg

Zyh 0 u £yg

0 IJ tyf U _

1
Q__ ~

P

0

0 pMl

0

0

0

/3 + £2y)

0

0

'0 0

D = -l_
P

0 n(4r]2
x/

0

1

0

— u

,B =

MH

0 0~

0 0

1 0

-v 1

The first and fourth equations involve simple multiplication
between a matrix and a vector. For flow of single-component
gas, AK*7 can be obtained directly from A(7/y, and the results
are more accurate than that from the first equation.

The transformation matrices S and T are given in the
following: let T= T^ and 8=7^ then,

~v rjxp rjyp 0

rjxh V

f]yh 0

o ^

0

0

~ ̂ s y' ^ )

0

0

'3 + rj2) 0

0 0 /x( rj2 + 4r)2/3)

0 0

0 Vxg
V T)yg

f ,/ v

T-——K V5

-

0 1 '

0

0

«(«+«) .

T-I —^ _
V5

/
0

0

0

o *<iJt i t f ) .

T7'T,=T

— l/p —1/p p/pc p/pc

1/e 1/e p/c p/c

-Ky Ky Kx ~KX

K ~~~ K K — ~ K

~-p/y p/yp -Ky KX~

-p/y p/yp Ky -Kx

c/ye c/yp Rx Ry

c/ye c/yp —kx —Ky

~l + m1 l — ml —m2 m2

l — ml l + m1 m2 —m2

m2 —ni2 l + m1 1 — ml

— m2 m2 I — nil I + MI

where ml - kxtx + kyfy> m2= — kx?y + Ry(x9 and K = % or TJ.

where f=p/p, g = y—\9 and h = ge/p. The unknown vector is
AFfj 7 , where V= (p,u,v,e)T. The use of the incremental vec-
tor is preferable to the use of the vector itself, because the

Decoupled Simultaneous Equations
The second and third equations in Eq. (12) represent,

respectively, the sweeps in /-index and y-index grid points.
There are /max + (/max - 1) sweeps, and the incremental vec-
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tor is solved twice. Each sweep involves the solution of AF /y
from a system of algebraic equations. The matrix coefficient
of the system has a pentadiagonal band structure, because the
upwind scheme uses two points on either side of the diagonal.
The ith row of the matrix equation is

(13)

where

, // = RHS of Eq. (12)

i = a2(0-0.5)\i+]-vi+], ei = a3((3-0.5)\i+2

and

a1=1.5) <x2=-2, ot3 = 0.5, j8 = sgn(0.5,X/)

With this procedure, the switching of one-sided differencing is
automated according to the direction of X/. Note Eq. (13) is
used four times in which X and v take in turn the components

—— LWM (0.45) DAMP = 0.2
... UPWIND (0.225 EXPLICIT)
—— UPWIND (0.75 IMPLICIT)

1-5 r M = 2
6 = 32.6°

P/Poe

a)

- Ax/L

M = 2
1-5 r 0 = 32.6°

—— LWM (0.45)
—— UPWIND (0.75 IMPLICIT)

P/P«

b)

1
x/L

Fig. 3 Comparisons of pressures in the shock reflection problem; a)
wall pressure distribution caused by shock reflection; b) pressure
distribution on the line y = H/2.

10

P/P«

UPWIND (0.51)

M = 2
0 = 70°

= 16

0 1 2
x/L

Fig. 4 Pressure distributions on the wall and on y = H/2 for a strong
shock reflection.

Table 2 Implicit numerical boundary treatment on
characteristic variables

Grid line Physical condition Treatment

7=/max

J=2

Inflow

Outflow

Inviscid wall

Viscid wall

Symmetry line

d2=d2— b2
a2=b2 = 0

a2=b2=c2=d2-e2 =
a3=b3=0

cJmax ~ c/max
^./max = bjmax ~
djmax = eJmax =

of A and D from £= 1 through 4. The same type of equation is
used for they'th row of the third matrix equation in Eq. (12),
by replacing X, = X^-Af, vj = v^&t, and Xj = A WtJ. The solution
of Eq. (13) is based on a lower and upper decomposition
similar to that used for solving the tridiagonal system of
equations.

Sometimes, the conventional central scheme is used instead;
the coefficients in Eq. (13) easily can be changed to a form
compatible with the central difference. After substituting
a/ = 1, a2 = - 1, OLS = 0, and /3 = 0 into the formulas defining
coefficients, Eq. (13) becomes a tridiagonal matrix equation.
Furthermore, for the first-order upwind scheme, parameters
«; = !, &2 = l, and a3 = 0 will yield a compatible implicit
operator.

Numerical Boundary Treatment
The conditions governing and AWfj on the bound-

aries are implemented into Eq. '(13) to close the equation
system at both ends. Using a typical computational region
depicted in Fig. 1, the implicit boundary treatment is sum-
marized in Table 2. Evidently, the fact that the boundary con-
ditions are indirectly related to W has prevented the full ac-
count of solid wall to the implicit solution.

To ensure the boundary conditions are satisfied at each in-
tegration step (after the implicit step), the following relations
in terms of primary variables are enforced.

Pi,2=Pi,3> Ui,2 = Vi,2=0> ei,2=ei,3

If the variables are not calculated from the inviscid split-
flux formulation or from the one-sided viscous formulation,
they are obtained from the space extrapolation formula10

rrt+l —ulmaxj — lmm2j> /maxj lmmlj

where 7mml=/max-l and 7mm2 = 7max-2. Then, taking
into consideration the flow speed and direction on 7=7max,
additional conditions (Table 1) may be imposed. This pro-
cedure has been compared with the one-sided calculation pro-
cedure for an outflow boundary with subsonic and viscous
flow profile in later sections.

Alternate Methods of Solution
Two existing methods have been adapted to substitute the

difference operators discussed previously for the purpose of
guiding the development of the present method. The MacCor-
mack 1969 explicit two-step scheme is used to validate the ex-
plicit operators,12 whereas the Beam-Warming method is used
to check the implicit operators. Reklis and Thomas8 have
foreseen the problem with too much natural damping in the
upwind scheme to adversely affect the accuracy in viscous
computation, and proposed a hybrid method of ^-upwind and
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^-central operators. (The present approach, however, does not
use explicit upwind operators at all in the viscous region.)
Despite various forms of operators in the RHS equation, the
LHS equation uses only central operators. The solutions to
Eqs. (2) and (3) are obtained from the following two block
matrix equations.

1.5

(RHS)

(14)

The equations are solved by a standard tridiagonal block
solver, for which a detailed formulation of the matrix coeffi-
cient including boundary points is given in Ref. 13.

Discussion of Sample Problems
A computer code has been developed on the UNIVAC 1182

time-sharing system with sufficient flexibility that a variety of
one-dimensional and two-dimensional problems can be solved
by minimal changes of boundary conditions and metrics. This
code also has modular structure to enable the user to switch
the calculation algorithm from one to another. The algorithms
used herein are referred to the hybrid scalar solver, the hybrid
block solver, and the explicit solver. A number of problems
have been selected to assess the accuracy and efficiency of the
algorithms. They are of varying degree of difficulty in order to
expose various aspects of capability and limitations. Two of
the sample problems are illustrated in Fig. 2 in both physical
and computation spaces. The first problem, not shown here, is
a supersonic-subsonic flow in a Laval nozzle. The solutions
are obtained from Eq. (5) for Mach 2 upstream flow of the
standing shock. The shock width is within 2 to 3 points and
free of oscillations. The stability bound is less than that for a
similar case reported in Ref. 10, since implicit damping is ex-
cluded from Eq. (12).

Shock Reflection on a Wall
A practical problem investigated by Hakkinen et al.14 in a

wind-tunnel environment is solved with both the Euler and the
Navier-Stokes equations. The freestream conditions are given
by M= 2, ReL = 0.296 x 106, L = 0.049 m, and the shock angle
0 = 32.6 deg. The physical domain (Fig, 2a) is selected to be
x=2.2L and y = H=0.11L, and the uniform grid is mapped
onto a similar uniform computational grid of 32x32. The
metric coefficients are calculated to define the computational
domain in (32,32). The initial conditions consist of a constant
supersonic flow over the plate, and the oblique shock is as-
signed to be the condition on the top line at y = H.

Numerical results of pressure distributions on the wall and
on the line y = 0.5// are plotted in Fig. 3. The upwind calcula-
tions are made with the highest possible CFL numbers
allowable for explicit and implicit methods. A quick estimate
of the CFL number and the algebraic work required by the
methods considered in this study suggests that the present
scalar implicit method must use 0.75 or higher for the CFL
number in order to be competitive with the explicit two-step
upwind method. Comparison made between the central and
upwind implicit difference methods reveals that the former is
more efficient than the latter method. Another factor influenc-
ing the selection of method is the shock-capturing capability
in two-dimensional flows. As shown in Fig. 3a, 9 points are
needed by the upwind scheme vs 12 points needed by the Lax-
Wendroff-MacCormack (LWM) scheme. The undershoot ap-
pearing on the pressure profile resembles that in the one-
dimensional problem. Not shown in Fig. 3a is the result of the
implicit central method, which has reached an erroneous
pressure plateau because the second and fourth-order damp-
ing needed for eliminating nonlinear instability is too strong to
yield accurate solutions. The pressure distributions from the
two methods are compared in Fig. 3b. The pressure difference
near the outflow boundary is caused by the differences in the

r HYBRID SCALAR
METHOD

P/Po

a)
1

x/L

CF x io3

-1
1

x/Lb)
Fig. 5 Investigation of the effect of fourth-order damping on the
shock/boundary-layer interaction problem: a) wall pressure distribu-
tion; b) friction coefficient on the wall.

1.5

P/P«

. HYBRID SCALAR METHOD
HYBRID BLOCK METHOD
(UPWIND SCHEME FOR VISCOUS FLUX)

a)
1

x/L

2 r

CF x io3

O HAKKINEN'S DATA

b)
1

x/L

Fig. 6 Comparison of wall properties between computational and
experimental results: a) wall pressure distributions; b) friction coeffi-
cient distributions on the wall.

equations and in the boundary treatment. The present method
predicts the pressure level closer to the theoretical value.

The upwind method is designed to approximate solutions
where the characteristic value changes sign across a shock. If
the conditions are not right, for instance, the shock strength is
weak, some of the desirable properties will disappear. It has
been shown in Ref. 15 in one-dimensional experiments and by
the two-dimensional case in Fig. 3. To complete the verifica-
tion of the conjecture, the in viscid calculation is made for
6 = 10 deg. The pressure distributions obtained (Fig. 4) clearly
show sharper profiles of shocks on the wall and on the midline
y = Q.5H. Since the pressure ratios across the shock are much
higher than those in the previous case, methods based on cen-
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Fig. 7 Nozzle pressure distributions at t=0.005, 0.01, 0.015, and
0.02 s obtained from the no-slip model.

tral operators cannot reach steady state after experiencing
some forms of instability.

Shock-Induced Boundary-Layer Separation
This problem is similar to the shock reflection problem, ex-

cept for the inclusion of viscous effect of the wall. The phys-
ical grid comprises (32x43) points nonuniformly stretched
in.y, with A>>2 = 0.1 L/(ReL)'/2 =3x 10~6 m. The computa-
tional domain is as before defined on a set of uniform grids
(32,43). The hybrid scalar method employs the central scheme
between 0 and 0. \H in y and the upwind scheme for y greater
than O.I//. The fourth-order x and y derivatives are found to
be very important in damping out the nonlinear instabilities.
Presented in Fig. 5 are the pressure and friction coefficients on
the wall. Smooth and accurate solutions are obtained with
0.1 <£d = rjd< 0.25. Spurious oscillations are found in the
solution obtained with £</ = 0, 7^ = 0.25. Computations have
become unstable if fourth-order damping terms are not used

Fig. 8 Pressure contours and velocity vectors in the transient nozzle
internal flow development (Ay2 = 0.003 m, Ay28 = 0.09 m, 32 x 28).

at all. The stable solution agrees very well with the experimen-
tal data of Hakkinen.14 The agreement indicates the judicious
choice of central and upwind schemes in the present hybrid
method. If the hybrid method combines the use of central and
upwind schemes in such a way as suggested in Ref. 8, the up-
wind differencing of x flux in the viscous region will adversely
affect the accuracy. There is a rearward shift of friction coeffi-
cient predicted by the Reklis and Thomas method shown in
Fig. 6b. The shift probably is caused by the use of two dif-
ferent operators in the same region. The computations are
made using CFL = 20 and £=600 steps. The scalar method
consumes about two-thirds of computation time used by the
block method since the scalar pentadiagonal solver is about
ten times faster than the block tridiagonal solver in the two-
dimensional case. The majority of computation time is,
therefore, spent on the evaluation of transformation matrices,
Jacobian matrices, and the explicit incremental vector.

Transient Nozzle Internal Flow
The nozzle configuation illustrated in Fig. 2b has the com-

bustion chamber at the left and the exit to ambient air on the
right. This simple model is used to study the unsteady flow
behavior during the first few hundred milliseconds, when the
rocket motor starts and the flow is moving downstream im-
pulsively.1 The initial and most of the boundary conditions
can be prescribed realistically, whereas for the inflow time-
dependent boundary, spme assumptions must be made. Other
than the chamber total conditions, the inflow boundary may
be regarded as the throat having sonic inviscid flow. For-
tuitously, neither assumption will prevent the assessment of
the code capability to handle transient viscous flow problems.
The flow structure inside the nozzle is very complex as either
overexpansion or underexpansion will occur and viscous
regions near the wall will become prevalent. The Euler and
Navier-Stokes models are both found useful to study the
starting characteristics of the nozzle flow.

The physical domain displayed in Fig. 2b is mapped onto
the computational domain with the aid of a mapping function
established via GRAPE. To show the versatility of mapping,
the computational domain has been inverted with respect to
the physical domain. Two systems of grid are used; one is
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Fig. 9 Comparison of convergence history for flow variables at the
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Fig. 10 Comparison of transient velocity between explicit and im-
plicit solutions on the grid line next to the wall.

(35 x 15) for the inviscid model and the other is (35 x 28) with
Ay2 = 0.003 m next to the nozzle wall for the viscous model.
The nozzle has an axial length of 4.58 m and a radius of 1.83
m at the exit. The flow features are studied in three cases: the
inviscid model with slip wall, the inviscid model with no-slip
wall, and the viscous model. The CFL numbers 1 and 3,
respectively, for the inviscid and viscous models. Numerical
experiments have indicated that the transient boundary layer
varies in a time scale at least one order of magnitude lower
than that of transient inviscid flow, and a CFL number greater
than 3 would cause instability problems. The outflow bound-
ary treated by the characteristics and extrapolation procedures
described in earlier sections is satisfactory as long as the
boundary layer remains attached to the wall. However, when
the reversed flow occurs on the boundary and the flow
characteristics change from hyperbolic or parabolic to elliptic,
the space extrapolation Js not a physically sound procedure
and leads to serious errors.

A complete history of the internal viscous flow development
is shown in Fig. 7 at t= 5, 10, 15, and 20 ms. Figures 7 and 8
are complemented to each other and help visualize the
developing flowfield. The shock on the inflow boundary at
t = 0 has moved to the midsection of the nozzle at t = 5 ms, and
flow has begun to expand at the corner. By t= 10 ms, the in-

itial shock has already moved out the nozzle, and another
shock is formed because the nozzle flow overexpands. The ex-
pansion at the throat is strong and affects the entire throat
area. As time increases to t= 15 ms, the shock due to overex-
pansion moves to the exit plane. No pressure gradient is seen
near the wall, as the boundary layer contains a large reversed-
flow bubble. At / = 20 ms, the axial overexpanding flow pro-
duces a stronger shock, while a vortex formed near the exit oc-
cupies one-third of the radial coordinates.

The complex nature of the transient internal flow has made
this problem the most difficult one to solve. The central block
method cannot handle the rapid expansion at the throat or the
Mach disk formation in the midsection of the nozzle, and the
MacCormack explicit method is not as efficient as the present
method when the separated boundary layer has a large region
of reversed flow.

Rate of Convergence and Transient Accuracy
Although the scalar method yields reasonably accurate

steady results and has shown excellent shock-capturing prop-
erties, it has more restrictive stability bound than the block
method. Even accounting for the difference in computation
time per step, the conventional block method is still more effi-
cient in seeking the asymptotic steady-state solution. Figure 9
shows their convergence history for the shock/boundary-layer
separation problem. However, the central operator used by
the block method is susceptible to instability due to large gra-
dient of flow properties; hence, its usage is generally limited to
flow with weak discontinuities.

The temporal accuracy for viscous flow solutions is
evaluated on the basis of the explicit solutions. Figure 10
shows that the transient solutions of the MacCormack scheme
and of the two implicit methods using CFL = 1 are nearly iden-
tical. The implicit solutions (either the block or the scalar
method) have poor accuracy using CFL = 5. This simple test
indicates that the error introduced by the factorization process
overwhelms the errors caused by the inconsistency between ex-
plicit and implicit operators and by the approximation in-
volved in the boundary calculations.

Conclusions
An implicit scalar method based on hybrid upwind and cen-

tral schemes has been evaluated by its applications to internal
and external flow problems. The shock-capturing capability is
excellent, the boundary treatment is general enough to con-
sider both inviscid and viscous inflows or outflows, and the
solution is stable under severely impulsive initial and bound-
ary conditions. The results have shown that it yields superior
accuracy to and requires less computation time per integration
step than the conventional central block method for viscous
flowfield with strong gradients. Its transient accuracy is com-
parable to that of explicit methods if the Courant number is
kept small. Since the predominant concern in the calculation
of unsteady, viscous flowfields is an optimal balance between
computation cost and solution accuracy, the present formula-
tion and the numerical algorithm appear to have satisfied that
need.
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